Abstract. This paper is concerned with an ergodic theorem for asymptotically nonexpansive mappings in the intermediate sense in Banach spaces.
Introduction and the main result
Throughout this paper X denotes a uniformly convex real Banach space, C a nonempty closed convex subset of X, and T a mapping from C into itself.
Recently the asymptotic behavior of asymptotically nonexpansive mappings has been studied by many authors (see [4] , [14] , [15] and [16] ). There appear in the literature two definitions of an asymptotically nonexpansive mapping. One is due to Kirk [6] :
for each x ∈ C and each bounded set K ⊂ C, and T N is continuous for some N ≥ 1. The other is due to Goebel and Kirk [5] : There exists a sequence {k n } with lim n→∞ k n = 1 such that T n x − T n y ≤ k n x − y for x, y ∈ C and n = 0, 1, 2, · · · .
Bruck, Kuczumow and Reich [4] 
for any bounded subset K ⊂ C. The purpose of the present paper is to prove the ergodic theorem for such a mapping in the class of Banach spaces in which the nonlinear mean ergodic theorem is usually set.
Here we summarize the notations used in the sequel. Denote by F (T ) the set of fixed points of a mapping T . The convex hull of a subset M of X is denoted by 1694 HIROKAZU OKA coM , and the closed convex hull by clcoM . We put
and B r = {x ∈ X : x ≤ r} for r > 0.
Also, ω w ({z n }) denotes the set of weak subsequential limits of a sequence {z n } n≥0 in X.
A sequence {z n } n≥0 in X is said to be weakly almost convergent to z ∈ X if 1 n n−1 i=0 z i+k converges weakly as n → ∞ to z uniformly in k ≥ 0. The main result in this paper is stated as follows: Theorem 1.1. Suppose that T : C → C is asymptotically nonexpansive in the intermediate sense with F (T ) = φ, and that {x n } is an almost-orbit of T . If the norm of X is Fréchet differentiable, then {x n } is weakly almost convergent to the unique point of F (T ) ∩ clcoω w ({x n }).
Proof of theorem
In what follows, a mapping T : C → C is assumed to be asymptotically nonexpansive in the intermediate sense with F (T ) = φ. Take f ∈ F(T) and let K be a bounded closed convex subset of C including the set {f }.
The key point in proving mean ergodic theorems is to estimate the difference between [15] and [8] , because our operator T is not Lipschitz continuous. Therefore our argument is different from theirs.
Proof. Let δ be the modulus of uniform convexity of X and define a function d :
It is then well known that d is a strictly increasing, continuous convex function, and that it satisfies
For ε > 0 choose η ε > 0 such that
It suffices to show Lemma 2.1 in the case of 0 < λ i < 1 (i = 1, 2).
Put
Then we have u ≤ 1, v ≤ 1 and
< 1, we have by (2.1) and (2.2)
Here we have used the convexity of a function d and the fact that d(0) = 0. Consequently, we obtain from the choice of η ε
Lemma 2.2. For each ε > 0 and each integer n ≥ 2 there exist an integer
Proof. Let ε > 0 and let n ≥ 2 be an arbitrary integer. Choose an integer N ε ≥ 1 in Lemma 2.1. We shall construct δ n,ε (n = 2, 3, · · · ) inductively. Let δ 2,ε be as in Lemma 2.1. Suppose that all δ q,ε are constructed for q = 2, · · · , p. Let ε = min
The case λ p+1 = 1 is trivial and so we assume λ p+1 = 1. Putting
and
µ j u j and hence
for 1 ≤ j, l ≤ p, and thus by the inductive assumption and (2.3) the desired conclusion holds.
Since X is uniformly convex, it has the convex approximation property (C.A.P.), i.e. for each ε > 0 there exists an integer p(= p(ε)) ≥ 1 such that for all subsets M in X whose diameters are uniformly bounded,
The following lemma shows that the positive number δ n,ε in Lemma 2.2 can be chosen independently of n, thanks to this property of the space X. 
Proof. Fix ε > 0 and an integer n ≥ 2 arbitrarily. Denote by N 1,ε the integer N ε 4 in Lemma 2.2. By (1.2) there is an integer N 2,ε ≥ 1 such that if k ≥ N 2,ε , then we have
Put N ε = max(N 1,ε , N 2,ε ). Let δ n,ε (n = 2, 3, · · · ) be positive numbers determined in Lemma 2.2. As pointed out in the proof of [3, Theorem 2.1], X × X has the C.A.P. and hence we can choose an integer p(= p(ε)) ≥ 1 such that
for all subsets M in X × X whose diameters are uniformly bounded. Note that this integer p is independent of n. Put δ ε = δ p,
Note that there exists r > 0, independent of k and n, such that sup (x,y)∈M (x, y) X×X ≤ r because of (2.5) and f ∈ F (T ) ∩ K. Then for each λ ∈ ∆ n−1 there exist µ ∈ ∆ p−1 and
Therefore we have by (2.5) and the choice of δ ε
For each ε > 0 and each integer k ≥ 1 set 
Lemma 2.4. For each ε > 0 there exist an integer
. By assumption we can take an integer
Since z ∈ clco{z n : n ≥ N k,ε }, where N k,ε is the integer determined by assumption, there exists a sequence
by assumption, Lemma 2.3 implies
for all n ≥ N 3 (k, ε). Since z ∈ K, the combination of the above inequalities with (2.7) gives
Lemma 2.6. Suppose that {x n } n≥0 and {y n } n≥0 are almost-orbits of T . Then { x n − y n } converges as n → ∞.
Proof. Put a n = sup m≥0 x n+m − T m x n and b n = sup m≥0 y n+m − T m y n for n ≥ 0. Then a n → 0 and b n → 0 as n → ∞. By (1.2) for each ε > 0 and each integer n ≥ 1 there exists an integer 
Proof. Take f ∈ F (T ) and set K = clco({x for i ≥ 0. Put i n (ε) = max{i 0 (ε, p, q), i 1 (ε, p) : 1 ≤ p, q ≤ n}. If i ≥ i n (ε) and k ≥ N ε , then
i+k + a 
for k ≥ N 1 (ε). Let δ(= δ(ε)) = min ε 12DK , δ 1 . Also, from (1.2) we can choose an integer N 2 (ε) ≥ 1 such that if k ≥ N 2 (ε),
